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Entanglement Induced Fluctuations of Cold Bosons
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We show that due to entanglement, quantum fluctuations may differ significantly
from statistical fluctuations. We calculate quantum fluctuations of the particle num-
ber and of the energy in a sub-volume of a system of bosons in a pure state, and
briefly discuss the possibility of measuring them. We find that energy fluctuations
have a non-extensive nature.
I. INTRODUCTION AND SUMMARY
In 1964 Bell showed, using his famous inequality, that a system prepared in an entangled
state can not be described by local, classical physics [1]. Since then, different kinds of ‘Bell-
type-inequalities’ have been found and studied. The special nature of an entangled state has
lead to many developments in quantum teleportation, quantum games, and even in quantum
black hole physics [2]. In this paper we show that entanglement is also relevant to the nature
of quantum fluctuations (See, [3, 4] for interesting recent discussions of the subject.)
We discuss a non-relativistic many particle system in a volume Ω. We divide the whole
volume Ω, into some sub-volume V , and its complement V̂ . The system is initially prepared
in a pure state 〈~x|ψ〉 defined in Ω. We consider states |ψ〉 which are entangled with respect
to the Hilbert spaces of V and V̂ . This means that |ψ〉 can not be brought into a product
form |ψ〉 = |ψ〉1 ⊗ |ψ〉2 in terms of a pure state |ψ〉1 that belongs to the Hilbert space of V ,
and another pure state |ψ〉2 that belongs to the Hilbert space of V̂ . Consider an operator
OV that is restricted to the sub-volume V . We shall show that the quantum fluctuations of
OV : (∆OV )2 = 〈(OV )2〉− (〈OV 〉)2, behave differently from standard statistical fluctuations
due to the entangled nature of the initial pure state |ψ〉.
Specifically, we consider energy fluctuations in a sub-volume of a system of cold bosons
of mass m in its ground state , i.e., a Bose-Einstein condensate (BEC). The BEC is assumed
to be in a periodic box of size Ld (d being the dimension of space.) Had the fluctuations
been thermal, we would have expected them to be extensive, and so, to scale as the volume:
2Trace(ρ(∆EV )2) ∝ V . Instead, we find a different behaviour, for example, the energy
fluctuations in a sub-volume of size ad scale as the surface area of the sub-volume
∆E2 =
4ndπ4~4Q2k2
m2L3+d
ad−1 + · · · . (1)
Here π2Q2 is a high momentum (UV) cutoff that needs to be introduced in order to render
the energy fluctuations finite. The UV cutoff is determined by the effective width of the
boundary that separates the sub-volume from the rest of the system. The dots represent
sub-leading terms in an expansion in 1/Q. We shall discuss this cutoff shortly.
The area-scaling is not a special feature of the energy fluctuations in the ground state.
General arguments [5] show that it occurs for a large class of operators whose two-point
function is short ranged. It has also been shown that the area scaling is robust to changes
in the cutoff scheme and does not depend sensitively on the nature of the pure state.
The energy fluctuations exhibit a power law dependence on the high momentum cutoff.
This may seem strange and counter intuitive. One may ask why should a macroscopic
quantity depend so strongly on the details of the physics that are relevant only to very
short distances? Our explanation for these power law divergences relies on the uncertainty
principle [15]; a measurement of the momentum fluctuations of a localized particle is formally
divergent. Smearing the position of the particle will render the momentum fluctuations finite
and inversely dependent on the smearing scale. The divergence in the energy fluctuations
is of similar origin: measuring the energy fluctuations in a volume with a sharp boundary
yields an infinite result. Introducing a high momentum cutoff is equivalent to smearing the
boundary of the sub-volume. The width of the boundary is inversely dependent on the cutoff
scale.
A measurement of energy fluctuations in the laboratory may shed some light on these
issues. Experiments in BEC type systems seem to offer a unique opportunity for measuring
entanglement induced fluctuations. To perform such an experiment one needs to be able
to make repetitive measurements of a particular sub-volume of the condensate, and prepare
the condensate in the same initial state for each measurement. Alternately, one may make
measurements of several sub-volumes in the same condensate using tomographic methods. A
verification of the explicit dependance on the high momentum cutoff of energy fluctuations
is not only interesting in its own right, but may also have implications concerning Unruh
radiation and black hole physics [6]. In the BEC context one may guess that the UV
3momentum cutoff is inversely proportional to the resolution of the measuring device. If
so, our result in eq.(1) implies that a better detector resolution will lead to larger energy
fluctuations.
Much has been said about the area law of entanglement entropy (see for example [7, 8])
and black holes [9, 10, 11, 12]. To understand the possible relationship of entanglement
induced fluctuations to black hole physics it is useful to consider as an example the vacuum
state of some field(s) in the space-time of an eternal black hole. An observer outside the
black hole will make measurements that are restricted to the exterior of the event horizon.
Let us take for example the measurement of energy fluctuations by this observer. They are
divergent, depend on a power of the high momentum cutoff, as is the entanglement entropy,
and scale as the surface area of the horizon. The divergence originates from distance scales
which are very close to the horizon. Technically they arise from the divergence of the two-
point function of the energy density at short distance scales. This is the same mechanism
which generates the divergences in the case of cold bosons. The understanding that we
have gained on the nature of the divergences in the non-relativistic setting provides a new
perspective on the nature of the same divergences that appear in the calculation of energy
fluctuations in black hole spacetimes.
In addition to the energy fluctuations, one may also consider fluctuations in the particle
number (see [13] for a recent discussion.) We give an analytic expression for the fluctuations
of the particle number in various potentials in section III. The particle number fluctuations
are different from the energy fluctuations in that they do not depend on the high momentum
cutoff. This is because the two point function of the number density operator does not
diverge strongly enough at short distances [5]. Yet, we show that the quantum correlations
in the initial state generate fluctuations which are different from the ones that are expected
in a classical setup.
II. GENERAL SETUP
We shall describe the general method of evaluating fluctuations of operators restricted to
subvolumes in the case that the whole system is in a pure state |ψ〉. We will consider the
case that the pure state has a fixed number of particles and fixed momentum. We discuss
systems whose Hamiltonian is time-independent and have some fixed boundary conditions
4(BC), for example, periodic or Dirichlet. For the general discussion we do not specify the
BC, whose significance will be discussed later when we consider in detail fluctuations of two
specific operators: the particle number operator, and the energy operator.
We start with a general operator density O(~x). It can be expressed in terms of the
particle field ψ(~x, t) =
∑
i aiui(~x)e
−ıEit as follows, O(~x) = ψ†(~x, t)Ôψ(~x, t). The functions
ui are a basis of eigenfuctions of the Hamiltonian. For example, the energy operator is given
by Ê = − 1
2m
∇2 + V , and the particle number operator by N̂ = I.
We consider a pure state |ψ〉 with n particles of momentum k. Evaluating the operator
OV =
∫
V
O(~x)dV in this state gives
〈ψ|OV |ψ〉 = 〈ψ|
∫ ∑
l,p
a†lapu
⋆
l (~x)Ôup(~x)dV |ψ〉
=
∫
u⋆k(~x)Ôuk(~x)dV ≡ nÔk,k. (2)
The fluctuations of the operator OV , 〈ψ|(∆OV )2|ψ〉 = 〈ψ|(OV )2|ψ〉− (〈ψ|OV |ψ〉)2, are given
by
〈ψ|(∆OV )2|ψ〉 = n
∑
s
ÔksÔsk − nÔ2kk
= n
∑
s 6=k
ÔksÔsk. (3)
One may generalize this result to a system with T particle modes, such that there are
ni (1 ≤ i ≤ T ) particles with quantum numbers ki, |ψ〉 = ΠTi=1
(a†ki
)ni
√
ni!
|0〉. The most general
state will be a linear superposition of such multi particle states. In this case we have
〈ψ|OV |ψ〉 =
T∑
i=1
niÔki,ki, (4)
and
〈ψ|(OV )2|ψ〉 =
∑
s 6=i
niOˆkisOˆski +
∑
e 6=i
nineOˆkikeOˆkeki. (5)
In order to study the properties of the fluctuations we need to evaluate the matrices
Ôks =
∫
u⋆k(~x)Ôus(~x)dV . We shall consider two special cases: the number of particles
operator and the energy operator. For the number operator we have N̂ = I. Then∑
s
N̂ksN̂sl =
∑
s
∫
V
u⋆k(~x)us(~x)dVx
∫
V
u⋆s(~y)ul(~y)dVy
=
∫
V
u⋆k(~x)δ(~x− ~y)ul(~y)dVxdVy = N̂kl. (6)
5So for one particle mode we get
(∆NV )2 = nN̂kk − nN̂2kk = 〈NV 〉(1− N̂kk). (7)
For the energy operator, we have:
Êks =
∫
V
u⋆k(~x)Ĥus(~x)dV
= EsN̂ks (8)
So that for the case of one particle mode we get:
(∆EV )2 = n
∑
s 6=k
EkEsN̂ksN̂sk. (9)
III. RELATIVE PARTICLE NUMBER FLUCTUATIONS
We proceed to consider in detail the relative particle number fluctuations in the case that
the initial state contains a single particle mode: (∆NV )2/〈NV 〉 = 1− N̂kk.
A. Free particles in a box
The simplest case to consider is a one dimensional box of size L, with periodic BC. The
solutions to the Schro¨dinger equation are of the form un(x) =
1
L1/2
e2πınx/L, with n ∈ Z. One
obtains Nn,n =
a
L
. We also give the result for the case m 6= n for future reference,
N̂n,m = 1/L
∫ a
0
e−2πınx/Le2πımx/Ldx (10)
=
1
π(m− n)e
πı(m−n)a/L sin(π(m− n)a/L).
One then has (∆NV )
2/〈NV 〉 = 1− a/L. Generalizing to d-dimensions, we get
(∆NV )
2/〈NV 〉 = 1− (a/L)d. (11)
The eigenstates for free particles in a box with Dirichlet BC (Dirichlet box) are:
un(x) =
√
2/L sin(nπx/L),
and so
N̂n,m =
1
π
(
sin((m− n)πa/L)
m− n −
sin((m+ n)πa/L)
m+ n
)
. (12)
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FIG. 1: Shown is a graph of the relative particle number fluctuations (∆NV )
2/〈NV 〉 in a sub-
volume of size a of a one dimensional box of size L with Dirichlet boundary conditions versus the
relative size of the sub-volume a/L. Each color corresponds to a different initial state as specified
by the legend.
The diagonal matrix elements are
N̂k,k =
a
L
− sin
(
2πk a
L
)
2πk
.
In d-dimensions one has
(∆NV )
2/〈NV 〉 = 1−
(
a
L
− sin
(
2πk a
L
)
2πk
)d
. (13)
The first five levels for a one dimensional system are shown in Figure 1. The results for the
Dirichlet box are qualitatively similar to the results of the periodic box, the main difference
being the oscillations that are superimposed on the factors of a/L. These oscillations are
purely quantum and do not appear in an equivalent microcanonical ensemble as we show
next.
We would like to compare our results in equations (11) and (13) to their classical analogs.
We show that the case of the periodic box gives identical results to the case of a classical
uniform distribution of particles in a box. The case of Dirichlet box is different from the
classical example and exhibits interesting quantum oscillations.
Let us consider a classical system with n particles, uniformly distributed in a box of size
L and calculate (∆NV )
2 and 〈NV 〉. The probability for finding a particle in a given position
7is : P (x)dx = 1/L dx. Therefore the probability of finding a particle in a region of size
a < L is p = a/L. The probability of not finding it there is q = 1 − a/L. If there are N
particles and they are distributed so that each one has a uniform probability to be found in
a given position, then the probability of finding exactly Na particles inside a region of size
a is binomial
P (Na|N) =
 N
Na
 pNaqN−Na . (14)
Therefore the mean number of particles is 〈Na〉 = Np, and the variance is ∆N2a = Npq. So
that
∆N2a
〈Na〉 = q = 1−
a
L
. (15)
This result generalizes in an obvious way to d-dimensions ∆N
2
a
〈Na〉 = 1−
(
a
L
)d
, which is exactly
the result in eq.(11). The behavior exhibited in eq.(15) is quite different from the one
exhibited in eq.(13) for the Dirichlet BC case where the correlations may induce a sinusoidal
variation in the fluctuations (see Figure 1.)
B. The harmonic oscillator
The BEC condensate may be described as a collection of bosonic particles in a harmonic
oscillator potential (see [14] for a review), so it is interesting to consider the particle number
fluctuations in such a setup. The eigenstates for a one dimensional harmonic oscillator are
given by
un(x) =
1√
n!
2−n/2
(
η√
π
)1/2
Hn (ηx) e
− η2x2
2 ,
where we have defined η =
√
mω/~. Therefore, if our sub-volume is the region a < x < b,
then for m 6= n we have:
N̂n,m =
√
n!m!
2(n+m)/2
√
π
n∑
l=0
2l
l!(m− l)!(n− l)!
(
e−η
2a2Hm+n−2l−1(ηa)− e−η2b2Hm+n−2l−1(ηb)
)
,
and for m = n we have:
N̂nn =
n!
2n
√
π
n−1∑
l=0
2l
l!(n− l)!(n− l)!
(
e−η
2a2Hm+n−2l−1(ηa)− e−η2b2Hm+n−2l−1(ηb)
)
+
1
2
(erf(ηb)− erf(ηa)).
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FIG. 2: Shown is a graph of the relative particle number fluctuations (∆NV )
2/〈NV 〉 for the case
of a harmonic oscillator of mass m and frequency ω. The sub-volume is in the region −a < x < a
and the fluctuations are plotted against the relative size of the sub-volume in units of
√
mω/~.
Each color corresponds to a different initial state as specified by the legend.
For the case that the sub-volume is symmetric about the minimum of the potential −a <
x < a the expressions simplify and we find that for the lowest energy state 〈(∆NV )2〉/〈NV 〉 =
1 − erf(ηa). This, and a plot of the first four excited modes (in one dimension) is shown
in Figure 2. For the lowest level of a d-dimensional symmetric harmonic oscillator we have
(∆NV )
2/〈NV 〉 = 1− (erf(ηa))d.
The particle number fluctuations in the lowest energy state of a harmonic oscillator have
some similarities to the fluctuations of free particles in a box. The “size” of the whole
system, L in this case, is approximately L ∼ 1/η (recall that η =√mω/~), and for ηa < 1,
erf(ηa) ∼ 2/√πa/L. It follows that (∆NV )2/〈NV 〉 ∼ 1 − (a/L)d. However, in the higher
energy states, the “size” of the system increases since the wave function spreads more and
more as the energy becomes higher, and the particle number fluctuations exhibit a different
behaviour.
IV. ENERGY FLUCTUATIONS
The derivation of the result for the energy fluctuations from eq.(9) is not as tractable as
the derivation of the particle number fluctuations. We evaluate the energy fluctuations in
9a cubic sub-volume of a d-dimensional periodic box and show that the energy fluctuations
scale as the surface area of this sub-volume. It should be clear that result is quite general,
and that similar results should be expected for other setups. There is also ample additional
evidence that this scaling behavior is quite robust [5].
The expression for energy fluctuations is given in eq.(9). We start by evaluating∑
sEkEsN̂ksN̂sk. Using eq.(10), we get:∑
s
EkEsN̂ksN̂sk =
16π4~4k2
4m2L4π2
∞∑
−∞
s2
(k − s)2 sin
2(π(k − s) a
L
). (16)
This expression is divergent, so we introduce an exponential UV cutoff on the sum e
− |s|
pi2Q2 .
As shown in the Appendix, the cutoff introduces a smoothing of the boundary of the
sub-volume. So far we have considered a perfectly sharp boundary 0 ≤ x ≤ a and did not
encounter any problems. Equivalently, we have defined the sub-volume by integrating with
an infinitely sharp step function H(x − a) =
1, 0 ≤ x ≤ a0, x > a , so
a∫
0
dx =
L∫
0
dxH(x − a).
The smoothing of the boundary is over a region x ∼ L/Q, and equivalently the smooth
step function changes its value from 1 to 0 over a range ∼ L/Q. The specific cutoff scheme
determines the detailed behaviour of the smoothed step function over the region where
it changes significantly. However, all the cutoff schemes induce very similar qualitative
smoothing. The advantage of using exponential cutoff is that the expression for the energy
fluctuations can be evaluated analytically with the cutoff.
With the cutoff eq.(16) becomes
∑
s
EkEsN̂ksN̂sk → E
2
k
k2
1
π2
∞∑
−∞
s2
(k − s)2 sin
2(π(k − s) a
L
)e
− |s|
pi2Q2 . (17)
This series may be evaluated analytically. We find
π2dE(Q, k, x) ≡
∞∑
s=−∞
s 6=k
s2
(k − s)2 sin
2(π(k − s)x)e−
|s|
pi2Q2 =
−e− kpi2Q2
coth
(
1
2π2Q2
)
sin2(πx)
cos(2πx)− cosh
(
1
π2Q2
)+e− kpi2Q2 1
2
(2Li2(e
− 1
pi2Q2 )−Li2(e−
1
pi2Q2
−2ıπx
)−Li2(e−
1
pi2Q2
+2ıπx
)),
(18)
where x = a/L, and Li2 is the dilogarithm function.
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FIG. 3: Logarithmic plot of energy fluctuations versus a/L for a one dimensional box with periodic
boundary conditions. Here, the UV cutoff pi2Q2 is 10000, the state is the 20th excited state (k = 20),
and the mass has been chosen such that
E2k
π2k2
= 1.
Therefore, the energy fluctuations for n particles in one dimension are given by
∆E2 = n
E2k
k2
dE(Q, k, a/L). (19)
A plot of ∆E2 is shown in Figure 3. We wish to emphasize several points: first, at x = 0
(a = 0), and x = 1 (a = L), the energy fluctuations vanish. This is as expected for a volume
of zero size, and the volume of the whole box respectively. However, these two points are
discontinuous in the Q → ∞ limit. In the vicinity of these points dE(x) rises sharply and
then remains at an almost constant value. This can be seen by expanding in powers of 1/Q
for 0 < x < 1. We find
dE(Q, k, x) = Q2 +
1
4
k2(1− (1− 2x)2)− k
π2
+O( 1
Q2
).
If we consider fluctuations for a low energy state (though not the ground state), we have
∆E2 = nE2Q +O(1). (20)
Where, again, the expansion parameter is 1/Q. Note that the UV divergence of the energy
fluctuations is linear in the cutoff parameter. Our choice of π2Q2 as the cutoff was made to
bring eq.(20) into a convenient form.
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In the d-dimensional case, we have:
Nmn =
d∏
i=1
1
π(mi − ni)e
ıπ(mi−ni) aL sin
(
π(mi − ni) a
L
)
,
while
Es =
∑
j
~
24π2s2j
2mL2
.
Now, ∑
s
EkEsNksNsk = Ek
~
24π2
2mL2
1
π2
∑
s1
. . .
∑
sn
∑
j
d∏
i=1
sin2(π(ki − si)a/L)s2j
(ki − si)2 . (21)
Defining the quantityM(si) ≡ sin
2(π(ki−si)a/L)
(ki−si)2 , we can rearrange the sum in eq.(21) as follows,
Ek
2~2
mL2
d∑
k=1
∑
sk
d∑
j=1
Πdi=1M(si)s
2
j = Ek
2~2
mL2
d
(∑
s1
M(s1)s
2
1
)(∑
s2
M(s2)
)d−1 .
Now, according to eq.(18),
∑
s1
M(s1)s
2
1 = π
2dE(Q, k, x) and
∑
s2
M(s2) is the one dimen-
sional Nmm operator which was shown to be equal to a/L. Therefore, the energy fluctuations
are given by
∆E2 = ndEk
~
24π2dE(Q, k, x)
2mL2
( a
L
)d−1
. (22)
If Q is large and a/L is small this reduces to
∆E2 = nEkEQd
( a
L
)d−1
+O(1),
which has the claimed area scaling behavior [16].
V. CONCLUSIONS AND DISCUSSION
In this paper we calculated fluctuations of the particle number operator and the energy
operator restricted to sub-volumes. The whole system was in a pure state with fixed particle
number and fixed momentum. We discussed systems whose Hamiltonian is time-independent
with periodic or Dirichlet boundary conditions. In general the fluctuations differ from their
classical counterparts.
Even for a single non-relativistic particle in a box, the energy fluctuations in a sub-volume
with sharp boundaries are divergent and scale with the area of the boundary of the sub-
volume. This behaviour depends weakly on the specific state of the system, its boundary
conditions, or on the specific Hamiltonian.
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In addition to scaling with the area of the boundary the energy fluctuations diverge with
the UV cutoff. Technically this cutoff appears when we sum over energy eigenmodes: by
introducing a high-momentum cutoff on the Fourier modes in the sum, the energy fluctu-
ations become finite and proportional to the value of the UV cutoff. We have shown that
introducing the cutoff is equivalent to smoothing the boundary of the sub-volume such that
its width is inversely proportional to the cutoff.
One might have thought that the fact that the divergences are associated with the UV
modes suggests that the origin of the divergence requires some additional information on the
UV behaviour of the system. We believe that the resolution lies elsewhere: it seems that the
divergence of the energy fluctuations is a result of our assumption regarding sharp boundary
conditions of the subvolume. Such sharp boundaries would be impossible to construct in
practice. This is similar to an attempt to compute momentum fluctuations of a particle
which is sharply localized: if the position of the particle is known with infinite precision
then the momentum fluctuations formally diverge. Smearing the position of the particle will
render the momentum fluctuations finite and inversely proportional to the smearing scale.
It seems as if the divergence in the energy fluctuations is of similar origin, i.e., measuring
the energy fluctuations in a volume with an infinitely sharp boundary yields an infinite
result. Introducing a high momentum cutoff is equivalent to smearing the boundary of the
sub-volume. Put differently, the width of the boundary is inversely dependent on the cutoff
scale. A similar effect appears in relativistic field theories [5] and it would be interesting
to strengthen these suspected ties with the uncertainty principle by performing additional
calculations.
For the case of particle number fluctuations we found that the differences between the
quantum and classical cases are more subtle. This is related to the fact that number fluc-
tuations do not formally diverge even for an infinitely sharp boundary of the sub-volume.
Nevertheless there are differences between the classical fluctuations and the quantum one
which depend more strongly on the boundary conditions, the nature of the global quantum
state and the Hamiltonian of the system.
13
APPENDIX A: FOURIER TRANSFORMS OF SMOOTHED STEP FUNCTIONS
The basis of eigenfunctions in a one dimensional periodic box of size L = 1 is ψn = e
2πıxn
where n is an integer −∞ < n <∞. Any periodic function can be expanded in this basis,
f(x) =
∑
fn|n〉 (A1)
and the coefficients are given by
fn =
∫ 1
0
dxf(x)e−2πıxn. (A2)
The (periodic) step function is defined as H(x − a) =
1 0 ≤ x ≤ a0 x > a and has the fol-
lowing expansion coefficients
Hn =
∫ 1
0
dxH(x− a)e−2πıxn = e−πıan sin[πan]
πn
. (A3)
The step function has a useful analytic representation,
H(x− a) = a + 1
2πi
log
[
1− e−2πi(a−x)
1− e+2πi(a−x)
]
+ log
[
1− e−2πix
1− e+2πix
]
. (A4)
Defining z = 1 − e−2πi(a−x) and w = 1 − e−2πix we observe that logarithms depend only on
the ratios z/z¯ and w/w¯, hence they depend only on arg z and argw. The steps occur when
the branches of the logarithms change abruptly at x = 0 and x = a when the absolute value
of w or z vanish.
The integral
a∫
0
f(x)dx can be treated as a convolution with a step function and hence
a∫
0
f(x)dx =
L∫
0
dxH(x− a)f(x) =
∑
n
H∗nfn. (A5)
In eq.(16) appears a sum of the form
∑
s
H∗s−kHs−kEsEk which results from a product of two
step functions and two energy operators.
Introducing a UV cutoff in the sums that appear in eq.(A5) or in eq.(16) amounts to
suppressing the coefficients Hn beyond a certain large nc, Hn → 0, n ≥ nc. An exponential
cutoff amounts to replacing Hn → Hne−|n|/nc. To see explicitly the effect of an exponential
cutoff we may evaluate the position space representation of the cutoff expansion
H˜(x− a) =
∑
Hne
− |n|
nc = a+
1
2πi
log
[
1− e− 1nc−2πi(a−x)
1− e− 1nc+2πi(a−x)
]
+ log
[
1− e− 1nc−2πix
1− e− 1nc+2πix
]
. (A6)
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The branches of the logarithms now change over a distance ∆x ∼ 1/√nc near the points
x = 0 and x = a. For an interval of size L rather than 1 the change is over a range
∆x ∼ L/√nc.
We have verified that other cutoff schemes yield qualitatively similar results by performing
numerically similar calculations for different cutoff schemes and for different BC.
Acknowledgments
A.Y. acknowledges the support of the Kreitman foundation fellowship and the hospitality
of the KITP where part of this research has been carried out. We thank E. Cornell, N.
Davidson, M. Einhorn, D. Oaknin and G. Shlyapnikov for useful discussions and suggestions
and Y. Castin, D. Cohen and A. Vardi for comments on the manuscript.
[1] J. S. Bell, Physics 1, 195 (1964).
[2] G. ’t Hooft, Nucl. Phys. B256, 727 (1985).
[3] M. Buttiker and A. N. Jordan, Physica E 29, 272 (2005), [quant-ph/0501018].
[4] Yvan Castin, “Basic theory tools for degenerate Fermi gases”, Proceedings of the Enrico Fermi
Varenna School on Fermi gases (2006),[cond-mat/0612613].
[5] A. Yarom and R. Brustein, Nucl. Phys. B 709, 391 (2005) [arXiv:hep-th/0401081].
[6] R. Brustein and A. Yarom, Phys. Rev. D69, 064013 (2004), [hep-th/0311029].
[7] M. Cramer, J. Eisert, M.B. Plenio and J. Dreissig, Phys. Rev. A73 (2006) 012309,
[quant-ph/0505092]; M. Cramer, J. Eisert and M. B. Plenio, Phys. Rev. Lett. 98, 220603
(2007) [arXiv:quant-ph/0611264].
[8] U. Yurtsever Phys. Rev. Lett. 91 (2003) 041302, [gr-qc/0303023].
[9] M. Srednicki, Phys. Rev. Lett. 71, 666 (1993) [arXiv:hep-th/9303048].
[10] L. Bombelli, R. K. Koul, J. H. Lee and R. D. Sorkin, Phys. Rev. D 34, 373 (1986).
[11] D. Kabat, Nucl. Phys. B 453, 281 (1995), [arXiv:hep-th/9503016].
[12] D. Kabat and M. J. Strassler, Phys. Lett. B 329, 46 (1994), [arXiv:hep-th/9401125].
[13] G. E. Astrakharchik, R. Combescot, L .P. Pitaevskii, Phys. Rev. A 76, 063616 (2007),
[arXiv:0707.0458].
15
[14] F. Dalfovo, S. Giorgini, L. Pitaevskii and S. Stringari, Rev. Mod. Phys. 71, 463 (1999),
[cond-mat/9806038].
[15] We thank Yvan Castin for suggesting this explanation.
[16] The term d(a/L)d−1 is suggestive of a sub-leading expression, where the volume term cancels
away. This type of behavior has been discussed in detail in [5].
